Disjoint-Set Data Structure
Union-Find(Amortized Analysis)

Instructor: Shizhe Zhou
Course Code:00125401



Dynamic Set

 We knew Hash table already

* Disjoint Set
— Another type of Dynamic Set
— Pairwise connectivity
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Union Find (317 4E)
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Disjoint-Set Data Struture(Union-Find)

Problem: Maintain a dynamic collection of
pairwise-disjoint sets S = {S,, S,, ..., S }.

Each set S, has one element distinguished as the
representative element, rep|[S.].

Must support 3 operations: —
* MAKE-SET(x): adds new set {x} to S GliEEZZR
with rep|{x}]|=x (for any x ¢ S, for all 7).
° UNION(x Y): replaces sets 5., S, w1th S, VS,
in S for any x, y in distinct sets Se S,
* FIND-SET(x): returns representative rep|S |
of set S, containing element x.




Naive solution 1 (#{2H itk v5:)

int id[count]; // access to component id (site indexed)

. int count; // number of components
NEATE RN o T
o AFATERIIIE N i Srsne
{ // Initialize component id array
for(int 1 = 0; 1 < size; i++)
id[i] = i;

}

+ {Eunion(p,a)if, B ZEHIETpAIg [T e e
E@éﬂ%%ﬁjﬂﬁo ﬁﬂ%jﬂﬁ) // FIEpHIRIES

int pID = find(p);
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B@ﬁﬁﬁ}:&ﬁéﬂ%{%ﬁ&j\jw—‘ﬁ\ for (int i = 0; i < id.length; i++)

1 if (id[i] == pID) id[i] = qID;
HE,

count--;
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VoL i Vo \ public int find(int p)
o XFERIfind AT LR Z4ERFO(]), ¢ return id[p]; )




Naive solution 1 (X 2H figtv5:)

find examines id[5] and id[9]
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Naive solution 1 (Z2H 1%
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find examines id[5] and id[9]
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union has to change all 1s to 8s
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Quick-find overview

{

public void union(int p, int q)

/] 3RiSpF1qRIES

int pID = find(p);

int gID = find(q);

/] RBEMNESHEE | BiBRE

if (pID == qID) return;

/] BH—IR , EESEMIET—NE

for (1nt i=9; i< id.length; i++)
if (id[i] == pID) id[i] = qID;

count--;




Naive solution 2 (double-linked list)

rep

e Find(x) == return rep|[Xx] Ir |
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Naive solution 2 (double-linked list)

rep
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Naive solution 2 (double-linked list)

rep
e Find(x) == return rep|[Xx] Ir |
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Union-Find &L 7% 1-QuickUnion

ﬁ)Eﬁparent link 1) 57 20Kt
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private int find(int p)
{
/| SHpTRAERNETR  RUmREERId[root] = root
while (p != 1d[p]) p = 1d[p];
return p;

}

public void union(int p, int q)
{

/[ Give p and q the same root.

int pRoot = find(p);

int gRoot = find(q);

if (pRoot == gRoot)

return;
id[pRoot] = qroot;  // B—HH(BI—E) EREBIM R (I —ME) BT

count--;
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Union-Find &L 7%1-QuickUnion
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Union-Find &L 7% 1-QuickUnion

= 2Ly id
B B mcase P q 012514.,, QOO ® ...
T
1 ©
public void union(int p, int q) 0r2 0 42 &
{ 2 @
// Give p and q the same root. ©
int pRoot = find(p); g3 0123 3)
int qRoot = find(q); 334 2)
if (pRoot == qRoot) (1)
return; (0)
[ id[pRoot] = qRoot;] /] B—F(B—NE) B —EME—NME) 04 012 3 4 @)
count--; 4 (3)
} : 0
: @
depth 4 —(0)

union worst case



Union-Find &L 7% 1-QuickUnion

N > > Mz id
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M ? Ok,but sometimes the 1 0
nodes are not comparable...... 1 ©
public void union(int p, int q) 62 012 )
{ 2 @
// Give p and q the same root. ©
int pRoot = find(p); 03 0123 3)
int qRoot = find(q); 334 2)
if (pRoot == qRoot) (1)
return; (0)
[ id[pRoot] = qRoot;] /] BT (B—NE) BB RME—ME) 04 01234 @
count--; 4 (3)
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Union-Find 5.72:2-Weighted Union
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Union-Find 5.72:2-Weighted Union

o T ZHIMRICEESet TR ML

for (int 1 = 9; 1 < N; 1++)
sz[i] = 1; // PEERT , B8NEANERL
public void union(int p, int q)
{
int 1 = find(p);
int j = find(q);
if (1 == j) return;
[/ BN E AR
if (sz[1] < sz[]]) { id[i] = J; sz[]] += sz[i]; }
else { id[j] = 1; sz[i] += sz[]]; }
count--;
¥
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Union-Find 5.72:2-Weighted Union

 Union-Find%.1%1 1 Weighted Quick-Union HJ ELER

quick-union
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average depth. 5.11
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i i ; E ; ; ; E ; I average depth: 1.52

k Quick-union and weighted quick-union (100 sites, 88 union() operations) j
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Union-Find &.72:3-Weighted Union
with Path Compression!

 What can be further improved? All tree are
with height == 1!

Hir: ARMUNER T BERDH
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Union-Find %74 3-Weighted Union
with Path Compression!

* Path Compression:

SN
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private int find(int p)

{

/] SHpTRFEENRT R R P REBMERLd[root] = root

while (p != id[p]) p = id[p];

return p;

Add only 1 line of code!
O(depth|x))

Cost of find is still

private int find(int p)

{

while (p != id[p])

{
/! BT RN RIRBACHNS S TR
id[p] = id[id[p]];
p = id[p];

}

return p;




Union-Find &.72:3-Weighted Union
with Path Compression!

e Path Compression_2(Textbook Page59):

int find(int x){ //recording the walked path
array path;

LV N

while(id[x]!=x){

p = id[p];
path.add(p);

}

ForIndex(i, path.size()){
id[path[i]] = p;
}

return p;

: 4

Cost of find is still|©(deprh[x]) (a) (b)

Figure 4.17 Path compression: (a) Before. (b) After.



Complexity

Path Compression

(amortized)

Algorithm Constructor Union Find
Quick-Find N N 1
Quick-Union N Tree height Tree height
Weighted Quick-Union N IgN IgN
Weighted Quick-Union With N Very near to 1 Very near to 1

(@amortized)




Conclusion

* For Disjoint-set data structure, the best
solution is Union-Find with path compression

* 2 Tricks improve O(n) =2 O(lgn)—> O(lglglg..Ign)
— Smaller tree merged into larger tree
— Path compression



Limitation

e Very promising performance(Amortized,
though.) — ®(log*(n)), not rigorous linear..

— Operator log*(k) <=5 for k<=2%%%

* Do NOT support any tasks related to path-
searching. Unlike with DFS BFS scanning...






